Introduction
Let H be a finite group. We denote by CH the group algebra of H over the complex number field C. For a nonempty subset T ⊆ H, we set T := t∈T t which is treated as an element of CH.
A subalgebra A of the group algebra CH is called a Schur ring over H if there exists a partition Bsets(A) := {T 0 , T 1 , . . . , T r } of H satisfying the following conditions:
(i) {T i | T i ∈ Bsets(A)} is a linear basis of A;
(ii) T 0 = {1 H }; (iii) T
−1 i
:= {t −1 | t ∈ T i } ∈ Bsets(A) for all T i ∈ Bsets(A).
A Schur ring A over a p-group H is called a p-Schur ring if the size of every element in Bsets(A) is a power of p, where p is a prime. Let G be a subgroup of Sym(H) containing the left regular representation of H. We denote by T 0 = {1 H }, T 1 , . . . , T r the orbits of the stabilizer G 1H . The transitivity module V (H, G 1H ) of G is the vector space spanned by {T i | 0 ≤ i ≤ r}. It was proved in [16] that V (H, G 1H ) is a Schur ring over H. Customarily, a Schur ring A over H is called Schurian if A is the transitivity module V (H, G 1H ) of some group G containing the left regular representation of H.
A family of Schur rings which are not Schurian was given in [16, Theorem 26.4] . It is known that every Schur ring over a cyclic p-group is Schurian (see [12] ). In 1979, M. Klin conjectured that every Schur ring over a cyclic group is Schurian. But, it was proved in [3] that there exist non-Schurian Schur rings over cyclic groups.
In [15] , Spiga and Wang proved that every p-Schur ring over an elementary abelian p-group of rank 3 is Schurian. Recently, Kim showed that every pSchur ring over an abelian group of order p 3 is Schurian (see [10] ). In this paper, we focus on p-Schur rings over non-abelian groups of order p 3 . The following example is a non-Schurian 7-Schur ring over a non-abelian group of order 7 3 . We conjecture that such examples can be constructed for each prime p ≥ 7.
3 . Then a partition Bsets(A) of H determines a non-commutative 7-Schur ring which is not Schurian, where
So we restrict our attention on commutative p-Schur rings. The following is our main theorem. Theorem 1.2. Every commutative p-Schur ring over a non-abelian group of order p 3 is Schurian.
Note that every 2-Schur ring over a group of order 8 is commutative and Schurian (see [6] ). This paper is organized as follows. In Section 2, we review notations and known facts about Schur rings. In Section 3, we give a proof of the main theorem.
Preliminaries
Throughout this paper, we use the notations given in [12] . Let A be a Schur ring over H. We say that a subgroup K of H is an Asubgroup if K ∈ A. For each A-subgroup E of H, one can define a subring A E by setting A E = A ∩ CE. It is easy to see that A E is a Schur ring over E and
For a group H, we denote by R H the set of all binary relations on H that invariant with respect to the left regular representation of H. Then the mapping 2
where
If A is a Schur ring over H, then the pair
where [18] for association schemes.) Let C = (H, R) be a Cayley scheme. For each r ∈ R, we set r(1 H ) = {h ∈ H | (1 H , h) ∈ r}. Then the vector space spanned by {r(1 H ) | r ∈ R} is a Schur ring over H.
Theorem 2.1 ([11]
). The correspondence A → C(A), C(A) → A induces a bijection between the Schur rings and Cayley schemes over the group H that preserves the natural partial orders on these sets.
The following propositions are results in [16, 18] .
Proposition 2.3. Let A be a Schur ring over H and m an element of H. If T, {m} ∈ Bsets(A), then T m = {tm | t ∈ T } lies in Bsets(A).
Proposition 2.4. Let A be a p-Schur ring over a group H of order p m . Then
Proposition 2.5 ([8])
. Let A be a Schur ring over an abelian group H of order p m . If there exists T ∈ Bsets(A) with size
The following lemma follows straightforwardly from Propositions 2.4 and 2.5. Lemma 2.6. Let A be a p-Schur ring over a group H of order p 2 . Then Bsets(A) is either {{h} | h ∈ H} or {{e}, T | e ∈ E, T ∈ (H/E) \ {E}} for some subgroup E of H.
Lemma 2.7 ([9]
). Let A be a commutative p-Schur ring over a group H of order p 3 and L an A-subgroup of order
Let H be a group and L a subgroup of H. We denote by H/L the set of left cosets. For h ∈ H we define a permutation h R as follows:
For h ∈ H and e ∈ H/L we define a permutation h e as follows:
A relative (m, n, k, λ)-difference set (RDS) in a finite group G of order mn relative to a subgroup N of order n is a k-subset R of G such that every element g ∈ G \ N has exactly λ representations g = r 1 r −1 2 with r 1 , r 2 ∈ R, and no non-identity element of N has such a representation. R be a (p, p, p, 1) -RDS in G, where p is an odd prime. Then G is elementary abelian.
Proposition 2.8 ([4, 7, 14]). Let
is a permutation function of F p for each a = 0. It is known that a planar function over F p with odd prime p can be written as the form of a quadratic polynomial (see [4, 14] ).
Proposition 2.9 ([13]). A function f is planar if and only if the set
R = {(x, f (x)) ∈ F p × F p | x ∈ F p } is a (p, p, p, 1)-RDS in F p × F p relative to {0} × F p .
p-Schur rings over non-abelian groups of odd prime-cube order
Let p be an odd prime. It is well known that there are exactly two nonabelian groups of order p 3 up to isomorphism, namely
and For the remainder of this section, we assume that A is a commutative pSchur ring over H i (i = 1, 2). For convenience, we often omit the subindex i of H i . Lemma 3.2. Let A be a commutative p-Schur ring over H. Then there exists a series of A-subgroups of H. Moreover, by replacing the generators if necessary, it is one of the following types:
Proof. By Proposition 2.4(iii), there exists a series of A-subgroups of H, i.e., {1} < L < M < H. 
, this is a contradiction. By Lemma 2.6, we divide our consideration into two cases.
Clearly, G contains the left regular representation of H. It is easy to see that, for given l f , h R , we have h
Thus, the set of orbits of G 1 is Bsets(A).
where E is an Asubgroup of order p.
For fixed e ∈ E, f ∈ L \ E and g ∈ H, we set x := (1 e · · · e p−1 ), y :
. It is known that x, y, z is a Sylow p-subgroup of Sym(H) (see Exercise 2.6.10 of [2] ). This implies that Bsets(A) is the set of orbits of a Sylow psubgroup of Sym(H).
By Lemma 3.3, from now on, we assume that every element of Bsets(A) has at most size p. . Using the fact that L is abelian, we can check that every element of I should appear in T −1 · T .
